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We study the inflationary generation of helical cosmological magnetic fields in a higher-dimensional gen-
eralization of the electromagnetic theory. For this purpose, we also include a parity breaking piece to the
electromagnetic action. The evolution of extra-dimensional scale factor allows the breaking of conformal in-
variance of the effective electromagnetic action in 1 + 3 dimensions required for such generation. Analytical
solutions for the vector potential can be obtained in terms of Coulomb wave-functions for some special cases.
We also present numerical solutions for the vector potential evolution in more general cases. In the presence of
a higher-dimensional cosmological constant there exist solutions for the scale factors in which both normal and
extra dimensional space either inflate or deflate simultaneously with the same rate. In such a scenario, with the
number of extra dimensions D = 4, a scale invariant spectrum of helical magnetic field is obtained. The net
helicity arises, as one helical mode comes to dominate over the other at the superhorizon scales. A magnetic
field strength of the order of 10−9 G can be obtained for the inflationary scale H ≃ 10−3 Mpl. Weaker fields
will be generated for lower scales of inflation. Magnetic fields generated in this model respects the bounds on
magnetic fields by Planck and γ-ray observations (i.e. 10−16 G < Bobs < 3.4× 10−9 G).
PACS numbers: 95.85.Sz, 04.50.-h, 98.80.Es, 98.35.Eg
I. INTRODUCTION
A fully satisfactory theory that can explain the origin
of cosmic magnetic fields is still elusive. On the observa-
tional front, we find evidence for magnetic fields over a
range of scales including cosmological scales. Coherent
magnetic fields of the strength of about few µG are ob-
served at the scales of Kpc to 10 Kpc in the nearby disk
galaxies and galaxy clusters [1–4]. Such fields have also
been inferred in galaxies at high redshifts of z ≃ 1 − 2
[5, 6]. In the intergalactic medium (IGM), on mega-
parsec (Mpc) scales, there are indications of a volume
filling field of more than 3×10−16 G [7, 8]. Several sce-
narios have been suggested to explain the origin of these
fields over different scales. For magnetic fields in col-
lapsed structures like galaxies, astrophysical processes
could suffice in providing an explanation [1, 2]. On the
other hand, a primordial origin appears the most natu-
ral and simplest scenario for very large scale magnetic
fields, especially one that volume fills the IGM.
Primordial magnetic fields with large coherence scales
could possibly originate in the early universe [9–13].
One promising route to understand the origin of these
fields is via a mechanism in the inflationary context
[14, 15]. However, to generate large enough fields dur-
ing inflation, one also needs to break the conformal in-
variance of the electromagnetic action. A simple way
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by which this has been implemented is to introduce a
coupling of the electromagnetic Lagrangian density to a
scalar function of some dynamical variables like the in-
flaton, curvature etc [14–34]. However, in many models
there is no fundamental reason to introduce this coupling
factor other than the fact that the conformal invariance of
the electromagnetic action needs to be broken.
A natural way to break conformal invariance of the
electromagnetic action, at least in the early universe,
can be envisaged in a cosmology motivated by higher-
dimensional theories [17, 20, 22, 23]. In this ap-
proach, one starts with a higher-dimensional cosmology
(in 1 + 3 +D-dimensional space-time). The action con-
tains higher-dimensional generalization of the electro-
magnetic gauge field. On dimensional reduction, pa-
rameters of the higher dimensions (more specifically the
scale factor of the higher-dimensional space), naturally
appear as multiplicative factors to the 1 + 3-dimensional
electromagnetic Lagrangian. Since the parameters of the
higher dimension evolves with time, the breaking of con-
formal invariance is ensured.
Moreover, it was shown in [35], that a natural way
to have both these features (namely, breaking of con-
formal invariance of the electromagnetic action as well
as an inflationary phase in the early universe) is by con-
sidering higher-dimensional action with a Gauss-Bonnet
term. In this approach the postulate for a scalar field is
neither required for breaking conformal invariance nor
for realizing inflation. In this work we have expanded
upon the earlier work [35], by adding a helical term to
the action in the context of higher-dimensional theories.
This allows for the potential generation of helical cos-
2mological magnetic fields. Note that in the context of
1+3-dimensional theories possible generation of helical
magnetic fields during inflation is discussed by several
authors [25, 36–40].
Large scale primordial helical magnetic fields are also
interesting from another aspect. Note that primordial
fields captured into collapsed objects will be subjected to
turbulent diffusion. This can lead to a rapid dissipation of
the field if it was non helical [41]. However, it turns out
that large scale helical fields are resilient to such turbu-
lent diffusion, due to magnetic helicity conservation, and
only decay on the slow resistive time scale [42–44]. This
makes such helical fields more relevant even in collapsed
objects like galaxies and galaxy clusters.
The plan of the paper is as follows. In Sec. II,
we briefly describe the problem of generating electro-
magnetic fields in 1 + 3-dimensional theory with stan-
dard electromagnetic action. We also describe there
the formulation of the electromagnetic theory in the
higher-dimensional space-time. The background model
of space-time is motivated from Gauss-Bonnet gravity
which is discussed in Sec. III. In Sec. IV we introduce a
parity breaking term to the electromagnetic action which
may lead to the generation of the helical magnetic fields.
The detailed analytical and numerical solutions are dis-
cussed in the Secs. V and VI. We estimate the strength
of the magnetic fields obtained in our model in Sec. VII
before concluding in Sec. VIII.
The notations and conventions used in this work are as
follows. We work in natural units (i.e. ℏ = G = c = 1).
We chose the metric signature to be (−,+,+,+,+....).
Lowercase Latin indices run from 1 to 3 while the upper-
case Latin indices take values from 4 to 3 + D, where
D is the number of extra dimensions in our model. The
Greek alphabets can take values from 0 to 1 + 3 +D.
II. ELECTROMAGNETIC ACTION IN
HIGHER-DIMENSIONAL MODELS
The action for the electromagnetic field in a general
1 + 3 dimensions is given by,
S1+3EM = −
∫
1
16π
d4x
√−gFµνFµν , (1)
where Fµν is the electromagnetic field tensor given in
terms of the derivatives of vector potential Aµ, as Fµν =
∂µAν − ∂νAµ. Here, g is the determinant of the metric
tensor gµν . At any epoch, the spatial part of this metric is
considered to be homogeneous and isotropic. For a ho-
mogeneous and isotropic universe, the space-time metric
is described by the line element,
ds2 = a(η)2(−dη2 + ηijdxidxj). (2)
Here a(η) is the scale factor of the universe and ηij =
diag(1, 1, 1), is the spatial part of Minkowski metric ten-
sor. Further, conformal time η is related to the comoving
time t by,
η =
∫
dt
a(t)
. (3)
Since electromagnetic action in Eq. (1) is conformally in-
variant, it can be shown in general that in such a confor-
mally flat background described by the metric in Eq. (2)
electric (E) and magnetic fields (B) will decay as 1/a2.
Therefore at the end of inflation such fields will be negli-
gible in strength. In order to have a significant generation
of electromagnetic fields during inflation, we necessarily
need to break this conformal invariance of electromag-
netic action. Put alternatively, one requires the amplifi-
cation of a2B. Several such mechanisms to break con-
formal invariance for magnetogenesis have been investi-
gated in literature [14–16, 18–22, 24–34]. For example,
the breaking of conformal invariance can be achieved by
introducing a time dependent coupling function prefixing
FµνFµν , instead of a constant as in the standard electro-
dynamics.
A natural scenario for breaking conformal invariance
and generating primordial magnetic fields arises in the
context of higher-dimensional theories [17, 20, 22, 23].
We have earlier explored this possibility, where extra-
dimensional model with a Gauss-Bonnet term provides a
coupling function for breaking of conformal invariance
in the reduced four dimensional action [35]. We now
extend this work by adding a parity breaking piece to the
action, which allows for the generation of helical primor-
dial magnetic fields. Specifically we consider a higher-
dimensional space-time which has D extra spatial di-
mensions in addition to the normal 1+3 dimensions. We
further assume that the spatial part of normal as well as
extra-dimensional subspaces are homogeneous, isotropic
and flat. The line-element for such a universe is be given
by,
ds2 = g˜µνdx
µdxν
= −dt2 + a2(t)ηijdxidxj + b2(t)ηIJdxIdxJ ,(4)
where a(t) and b(t) are the scale factors of normal and
extra dimensions respectively and g˜µν is the higher-
dimensional metric. We take the action for electromag-
netic fields in higher dimensions to be given by,
SEM =
−1
16π
∫
d4+Dx
√
−g˜L˜EM . (5)
Here, L˜EM is the Lagrangian density of the electromag-
netic field in higher dimensions and is given by,
L¯EM = ℓF˜µν F˜µν − f¯ F˜αβ F˜ ∗αβ . (6)
We have introduced two arbitrary time dependent scalar
functions, ℓ and f¯ to keep the action quite general. Fur-
ther, g˜ is the determinant of higher-dimensional metric,
3g˜µν . The higher-dimensional electromagnetic field ten-
sor is expressed in terms of higher-dimensional vector
potentials, A˜µ. We have also defined the dual of the
higher-dimensional electromagnetic tensor F˜ ∗αβ as,
F˜ ∗αβ = η˜αβγδψφ....4+DF˜γδQψφ.....4+D. (7)
Here, η˜αβγδψφ....4+D is the higher-dimensional Levi-
Civita tensor andQψφ.....4+D is the tensorial field needed
to describe the 4 +D dimensional dual that we have de-
fined. Note that the term f¯ F˜αβ F˜ ∗αβ in Eq. (6) is a parity
breaking term which could lead to the generation of he-
lical magnetic fields.
III. GAUSS-BONNET GRAVITY
We assume that the dynamics of the universe is gov-
erned by the action of the form [35, 45–47],
S =
∫
d4+Dx
√
−g˜
(
Lmatter − 1
16π
L˜EM
−M
D+2
2
(R˜ + χ G˜) + Λ¯
)
. (8)
Here, M is the higher-dimensional Planck mass which
is related to 1 + 3-dimensional Planck mass (Mpl) as,
MD+2bD = M2pl. R˜ is the 1 + 3 + D-dimensional
Ricci scalar and χ is the Gauss-Bonnet parameter for the
Gauss-Bonnet term (G˜) given by,
G˜ = R˜2 − 4R˜µνR˜µν + R˜µνλσR˜µνλσ. (9)
A cosmological constant term (Λ¯) has been added in the
above action in order to keep it general, and also be-
cause it leads to some interesting cosmological models
[35, 47]. While in 1 + 3-dimensional gravity the Gauss-
Bonnet term becomes a total divergence (and hence
doesn’t contribute to the equation of motion), in higher
dimensions, it gives a nonzero contribution . Further, as
the Gauss-Bonnet term varies as square of the curvature,
it has no significant contribution on cosmological scales
at the present epoch.
Solutions for scale factors a(t) and b(t) in this sce-
nario have been discussed in [35, 47]. The asymptotic
behavior of the scale factors are exponential in time. In
addition to the solutions in which normal dimension in-
flates and extra dimension deflates or vice-versa, the in-
clusion of a cosmological constant Λ¯ gives interesting
solutions in which both the scale factors ( i.e. of normal
and extra dimensions) either increase or decrease, simul-
taneously. The solutions in general are given by,
a(t) ∝ eαt, b(t) ∝ eβt. (10)
Here α and β are the exponents for scale factors a(t)
and b(t) respectively. The signs of these exponents de-
termine which of the spatial dimensions (normal or extra)
are inflating or contracting. A detailed set of acceptable
solutions in this scenario are discussed in [35, 47].
IV. HELICAL MAGNETIC FIELDS IN
HIGHER-DIMENSIONAL COSMOLOGY
We have considered the metric given in Eq. (4) to
describe the extra-dimensional universe. We impose
gauge conditions on higher-dimensional vector potential
by adopting, A˜I = 0 and ∂I A˜µ = 0 [17]. This choice of
gauge ensures that only 1 + 3-dimensional components
of the vector potential A˜µ are nonzero and further they
depend only on the co-ordinates of normal dimensions.
With these gauge conditions a dimensional reduction of
the electromagnetic part of the action in Eq. (8), gives an
effective 1 + 3-dimensional electromagnetic action,
Sem = −
∫
1
16π
d4x
√−g
(
b
b0
)D
LEM . (11)
Here, LEM = bD0 ΩDL˜EM . ΩD is the co-ordinate vol-
ume of extra dimensions which is assumed to be finite
and g is the determinant of 1 + 3 -dimensional met-
ric tensor gµν . From the definition of F˜ ∗
µν in Eq. (7)
and the gauge conditions on vector potential, one sees
that indices ψ,φ, etc can take values purely of the extra-
dimensional space. We may note that Qψφ...4+D is
purely an antisymmetric tensor. These two conditions
imply that there is only one independent component of
Qψφ...4+D that comes into the reduced action. We com-
bine this with f¯ to define a new function, f . We can then
write,
η˜αβγδψ...4+DQψφ...4+D = η
αβγδ,
where ηαβγδ is the usual 1 + 3-dimensional Levi-Civita
tensor. Therefore, LEM is the equivalent 1 + 3 -
dimensional Lagrangian density for 1 + 3-dimensional
vector potential Aµ (µ = 0 to 3 henceforth) defined by,
LEM =
[
ℓFµνF
µν − fFαβF ∗αβ
]
. (12)
The 1 + 3- dimensional vector potential corresponding
to this 1+3-dimensional electromagnetic action is given
by,
Ai = (ΩDb
D
0 )
1/2A˜i. (13)
The reduced 1+3-dimensional electromagnetic action is
no longer conformally invariant because of the time de-
pendent function (b/b0)D in Eq. (11) coupling to LEM
(even if ℓ and f are constants). By varying the 1 + 3-
dimensional electromagnetic action with respect to 1+3-
dimensional vector potential we obtain Maxwell’s equa-
tions as,
∂µ
[
√−g
(
b
b0
)D
ℓFµν
]
= ∂α
[
√−g
(
b
b0
)D
fǫαβγδFγδ
]
(14)
4We chose to work in radiation gauge i.e. A0 = 0, ∂iAi =
0. We also use the fact that, Maxwell’s equations for
the dual is the identity, ∂α
[
ǫαβγδFγδ
]
= 0. Moreover,
it is convenient to work in terms of conformal time co-
ordinate η. Maxwell’s equation, Eq. (14) then takes the
form,
A′′j (η, x) +
[
D
b′
b
+
ℓ′
ℓ
]
A′j(η, x) − ∂i∂iAj(η, x)
−
[
D
b′
b
f
ℓ
+
f ′
ℓ
]
1
2
ǫ0jφψFφψ = 0 (15)
where prime is the derivative with respect to η. It can be
seen that the presence of dynamical extra-dimensional
scale factor as well as time-dependent functions ℓ and
f break the conformal invariance of electromagnetic ac-
tion in 1+ 3-dimensions which may amplify the electro-
magnetic field fluctuations. The formalism till now is for
general ℓ and f . In this work we will explore purely the
effects of extra dimensions, i.e. we chose that ℓ = f = 1.
For this particular case the equation for the vector poten-
tial reduces to,
A′′j +D
b′
b
Aj − ∂i∂iAj − D
2
b′
b
ǫ0jψφFψφ = 0 (16)
In order to quantize the vector potential we express it in
terms of its Fourier components Ah(k, η) as (cf. [25,
36]),
Al(x, t) =
√
4π
∫
d3k
(2π)3
2∑
h,λ=1
ǫkhl
[
bλ(k)Ah(k, η)e
ik·x
+ b†λ(k)A
∗
h(k, η)e
−ik·x
]
. (17)
Here, we have defined the helicity basis as,
ǫkh =
1√
2
(
ǫk1 + hiǫ
k
2
)
, (18)
with h = ±1 denoting positive and negative helicities.
Also ǫk1 and ǫk2 are the two transverse polarization vec-
tors corresponding to corresponding to λ = 1 and 2 re-
spectively. These two polarization vectors along with kˆ
form the orthonormal spatial basis as,(
ǫk1 , ǫ
k
2 , kˆ
)
, |ǫkλ|2 = 1, kˆ =
k
k
(19)
Further, bλ(k) and b†λ(k) are the annihilation and creation
operators, which satisfy the commutation relations,
[bλ(k), b
†
λ′(k)] = δλ,λ′δ
3(k − k′),
[bλ(k), bλ′(k)] = [b
†
λ(k), b
†
λ′(k)] = 0 (20)
The Fourier co-efficients for helicity modes, A¯h(k, η)
(defined as aAh(k, η)) satisfy the equation
A¯h
′′
(k, η) +D
b′
b
A¯h
′
(k, η) + k2A¯h(k, η)
−Db
′
b
hkAh(k, η) = 0. (21)
Here h denotes helicity of the modes depending on signs.
Defining a new variable q(η) such that, D b
′
b = 2
q′(η)
q(η) .
We can rewrite Eq.(21) in terms of Ah(k, η) as,
A′′h(k, η) +
[
k2 − q
′′(η)
q(η)
− 2q
′(η)
q(η)
hk
]
Ah(k, η) = 0,
(22)
where,Ah(k, η) = q(η)A¯h(k, η). As the solution for the
scale factors are exponential given by, Eq. (10), we have
q(η) ∝ η− βD2α . (23)
Therefore, Eq.(22) takes the form,
A′′h(k, η) +
[
k2 − V (η)− Vh(η)
]Ah(k, η) = 0, (24)
where,
V (η) =
(
βD
2α
)(
βD
2α
+ 1
)
1
η2
,
Vh(η) = −2
(
βD
2α
)
hk
η
(25)
V. ANALYTICAL SOLUTIONS FOR VECTOR
POTENTIAL
Defining a new variable z = −kη we can transform
Eq. (24) into,
d2Ahi
dz2
(z) +
[
1− mi(mi + 1)
z2
− 2nh
z
]
Ahi(z) = 0.
(26)
Here, i = 1 or 2, m1 = βD2α (for βD2α > 0) and m2 =
−βD2α − 1 (for βD2α < −1). Further, we define βD/2α =
n. Eq. (26) represents Coulomb’s equation whenever mi
is a positive integer. For scales much smaller than the
horizon size, i.e. −kη >> 1, we would like to match
it with the outgoing wave solution in the Bunch-Davis
vacuum given by,
A(k, η) = 1√
2k
exp−ikη. (27)
The generic solutions for Eq. (26) are given as the linear
combinations of regular and irregular Coulomb wave-
functions, Fmi(hn, z) and Gmi(hn, z), [48]. For z →
∞ i.e. the sub horizon regime, we have,
Gmi(hn, z)± iFmi(hn, z) ∼ e±iz . (28)
The solution for the vector potential with the required
sign of the outgoing wave function is,
Ahi = 1√
2k
[Gmi(hn, z) + iFmi(hn, z)] (29)
5For modes which go outside the horizon, we have z →
0, and in this case, the asymptotic behavior of Coulomb
functions is given by [48],
Fmi(hn, z)→ 0, (30)
Gmi(hn, z)→
2(2nh)mi
Cmi(nh)(2m+ 1)!
(2nhz)1/2
×K2mi+1[2(2nhz)1/2] (31)
with,
Cmi(nh) =
2mie−
pihn
2 |Γ(mi + 1 + ihn)|
Γ(2mi + 2)
. (32)
Here, K2mi+1(2(2nhz)1/2) is the modified Bessel’s
function whose asymptotic form for z → 0 is given by,
K2mi+1(2(2nhz)
1/2) ∼ 1
2
(2nhz)
−(2mi+1)
2 Γ(2mi + 1).
(33)
Therefore, the solution obtained for super horizon modes
can be written as,
Ahi(k, η) = 1√
2k
Γ(2mi + 1)
(2mi + 1)!Cmi(nh)
(−kη)−mi .
(34)
We can now compute the power spectrum for the gen-
erated magnetic fields. This is given by [36–39],
dρB
dlnk
=
1
(2π)2
(
b
b0
)D
k
k4
a2
Ps(k, η)dk, (35)
where,
Ps(k, η) = |A+(k, η)|2 + |A−(k, η)|2 (36)
Similarly helicity is measured by the antisymmetric com-
bination of power in the different helicity modes. i.e.
dρh
dlnk
=
1
(2π)2
(
b
b0
)D
k
k4
a2
Pa(k, η)dk, (37)
where,
Pa(k, η) = |A+(k, η)|2 − |A−(k, η)|2 . (38)
In terms of Ah(k, η), Eq. (35) & (37) becomes,
dρB
dlnk
=
1
(2π)2
k
(
k
a
)4 [
|A+(k, η)|2 + |A−(kη)|2
]
,
(39)
dρh
dlnk
=
1
(2π)2
k
(
k
a
)4 [
|A+(k, η)|2 − |A−(k, η)|2
]
.
(40)
For exponential inflation k/aH = −kη, where H , the
Hubble parameter remains constant. We rewrite the ex-
pression for power spectrum given in Eq. (39) as,
dρB
dlnk
=
k
(2π)2
H4(−kη)4
[
|A+(k, η)|2 + |A−(k, η)|2
]
,
(41)
On super horizon scales, withmi being a positive integer,
ratio of the power spectrum in positive helicity mode to
that of modes with negative helicity turns out to be e2npi.
Therefore, for βD/2α > 0 positive helicity modes dom-
inate whereas, for βD/2α < 0 the modes with nega-
tive helicity dominate. This is also shown in the numer-
ical solutions obtained in the next section. Substituting
Eq. (34) in Eq. (39) and neglecting the contribution from
the subdominant helicity mode, the power spectrum is
then given by,
dρB
dlnk
=
1
(2π)2
H4(−kη)nB
∣∣∣∣ 1√2 Γ(2mi + 1)(2mi + 1)!Cmi(nh)
∣∣∣∣
2
.
(42)
Here the spectral index nB is given by,
nB = 4− 2mi. (43)
We see, from Eq. (42) that for mi = 2, the spectral in-
dex, nB = 0 and hence, this choice leads to a perfect
scale invariant power spectrum for magnetic fields. We
get mi = 2 for βD/2α = 2 or βD/2α = −3. More-
over, this scale invariant spectrum is obtained now for an
almost fully helical field. Note that for arbitrary α and β,
mi may not be a positive integer. Also the integral values
of mi limits the choice of coupling functions. Thus more
general cases are also considered in the next section by
numerically solving Eq. (24).
VI. NUMERICAL SOLUTION
We first focus on the cases where mi is indeed an in-
teger, as in this case analytical results are available to
check the numerics. This includes importantly the case
when α = β, D = 4 (i.e. βD/2α = 2), which as we
saw leads to a scale invariant spectrum for the magnetic
field. Because of the exponential inflation of scale factor
we take [35],
a(η) = a0
(
η0
η
)
. (44)
For numerical calculations we assume a0 = 1 and η0 =
−1 without any loss of generality. The ratios of scales
H−1(Hubble length scale) and a/k (length scales for
modes) is given by, k/aH = −kη. We have written
a Mathematica code to obtain the numerical solution of
Eq. (24). Initial conditions are set for modes well within
the horizon (i.e. −kη = 10). Solutions are assumed to
be plane waves in this region as in Eq. (27). The solu-
tions are then obtained at the epoch when these modes
are much larger than the horizon (i.e. −kη = 0.01).
In the top panel of Fig. (1), we have shown the solu-
tion for a mode k = 1/100, βD/2α = 2, which corre-
sponds to m1 = 2. We see that, as the modes evolve,
the positive helicity mode becomes much larger than the
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FIG. 1. For k = 10−2 and D = 4 The behavior ofAh(kη)/a2
has been has been shown in the plots. The top panel shows
the evolution for βD/2α = 2, whereas, bottom panel shows
the plot for βD/2α = −0.516. The red solid curve represents
positive helicity mode whereas, the blue dashed curve is for
negative helicity mode.
negative helicity mode. Thus the dominant contribution
to the energy density when kη << 1 comes from posi-
tive helicity modes. This is also seen for example from
Eq. (32) and Eq. (34) that the ratio of power spectrum
between h = +1 to h = −1 is e2pin and for n = 2 this
is e4pi ≃ 3× 105. Thus the generated magnetic field will
be significantly helical with positive helicity.
In the top panel of Fig (2), we show the correspond-
ing power spectrum for m1 = 2, in the units of H4
(which remains constant during inflation). We have con-
sidered a range of modes corresponding to k = 10−15
to k = 10−4. The power spectrum is calculated at con-
formal time η = −0.5 for which all such modes have
already crossed outside the horizon scale. We see from
this figure that one obtains a nearly scale invariant power
spectrum for a vast range of k. This confirms the result
from analytical solution that taking m1 = 2 will give
a scale invariant spectrum. The condition βD/2α > 0
refers to the cases for which α and β have the same sign.
This implies that both normal dimensions as well as ex-
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FIG. 2. The behavior of magnetic field power spectrum for
D = 4 and m1 = 2 (i.e. βD/2α = 2) is shown in the top
panel. The spectrum shows scale invariance for large variation
in k. Also for D = 4 power spectrum for magnetic fields is
shown for βD/2α = −0.516, [bottom panel]. This is one of
the cases when normal dimensions inflates while extra dimen-
sions goes through contraction. The spectrum is no longer scale
invariant and gives a blue spectrum with nB ≃ 4.8.
tra dimensions either inflate or contract simultaneously.
Such solutions were shown to exist when a nonzero Λ¯ is
present [35].
On the other hand, several other solutions with Λ¯ = 0
were also obtained in Refs. [35, 47]. In these solutions
scale factors of normal and extra dimensions have oppo-
site behavior, that is when one expands the other con-
tracts leading to βD/2α < 0. One such solution with
D = 4 has βD/2α = −0.516. The results for this case
are shown in the bottom panel of Fig. (1). The corre-
sponding power spectrum for the magnetic field is shown
in the bottom panel in Fig (2). We see that the magnetic
field now has a blue spectrum. A numerical fit to the
power spectrum gives a spectral index nB ≃ 4.8 for the
same range of modes. The field strength however can
be seen to be negligible in this case compare to the one
7obtained for scale invariant scenario. We note in pass-
ing that the case with βD/2α = −3, also corresponds
to m2 = 2, and therefore gives a scale invariant power
spectrum for magnetic fields, now with predominantly
negative helicity. However, such cases are not viable as
they lead to unacceptably large electric fields [33, 34].
VII. MAGNETIC FIELD INTENSITY
We now calculate the intensity of generated magnetic
field at the current epoch. We consider the scale invariant
case (D = 4 and m1 = 2). From Eq. (42) we can write,
dρB
dlnk
=
1
(2π)2
H4
∣∣∣∣ 1√2 Γ(2m1 + 1)(2m1 + 1)!Cm1(nh)
∣∣∣∣
2
≃ 2.6× 102H4. (45)
This is in reasonably good agreement with the estimate
of ≃ 4 × 102H4 which we obtain by directly integrat-
ing Eq. (24) numerically; see Fig.(2). Note that in the
absence of helicity the amplitude of the magnetic field
spectrum is (9/4π2)H4 [35]). Therefore in the presence
of helicity the amplitude of the spectrum becomes larger
by a factor of ≃ 103. Note the factor (b/b0)D/2 is simi-
lar to a time dependent coupling functions f(φ) or I(η)
in [33, 34, 39]. However, the coupling function appears
naturally in our work. As this factor settles to unity we
recover the standard cosmology. The role of extra dimen-
sions is important only till the end of inflation as extra
dimensions are assumed to be frozen afterwards. There-
fore, the post inflationary era the magnetic field energy
density evolves as,
ρB(0) = ρB(f)
(
af
a0
)4
. (46)
Here, af and a0 are the scale factors and ρB(f) and
ρB(0) are the energy densities at the end of inflation and
present epoch, respectively. From Eq. (45), the magnetic
field intensity depends on the scale of inflation. Combin-
ing Eqs. (45) and (46), we estimate that helical magnetic
fields with nearly scale invariant spectrum of strength
10−9 G can be generated for H ≃ 10−3 Mpl (see also
Ref. [35] for more details of the numerical estimation of
the field strength). Further for lower scales of inflation
fields weaker than 10−9 G will be generated. The upper
limit on primordial magnetic field strength, from their
effects on CMB temperature anisotropy is ≃ 3.4 nG on
scale of 1 Mpc [49]. From the constraints on CMB non-
gaussianity, the strength of primordial magnetic field is
limited to sub nG level [50–53]. The lower limit is set by
γ-ray observations is of order 10−16 G [54]. Therefore
the magnetic fields that can be generated by our model
are within the permissible range.
VIII. DISCUSSIONS AND CONCLUSIONS
The presence of coherent magnetic fields at large
scales (Mpc), even in the void regions of the IGM, in-
dicates that these fields could have a primordial origin.
One possibility is that they are generated during the in-
flationary era. However, as the background geometry
is conformally flat, conformal invariance of the electro-
magnetic action action needs to be broken in order to
generate a significant magnetic field. In our earlier work
[35], we had investigated such a possibility in the context
of higher-dimensional theories. In the current work we
have extended this consideration to the possibility of gen-
erating magnetic fields which are also almost fully heli-
cal. Our higher-dimensional action includes the Gauss-
Bonnet term which also allows one to obtain inflationary
solutions without the introduction of scalar fields [47].
In order to study the generation of helical magnetic
fields we have added a parity breaking term to the higher-
dimensional electromagnetic action. Considering a suit-
able field configuration and gauge choice [17], we per-
formed a dimensional reduction of higher-dimensional
electromagnetic action to obtain 1 + 3-dimensional ac-
tion. This gives rise to a dynamical coupling term as
a function of scale factors of higher dimensions. The
evolution of the extra-dimensional scale factor naturally
provides the requisite condition for breaking the confor-
mal invariance of electromagnetic action, essential for
the generation of significant magnetic fields.
The evolution of the helical modes of vector potential
in 1 + 3-dimensions is described by Eq. (24). Analytical
solutions in terms of the Coulomb’s functions can be ob-
tained in special cases when mi in the evolution Eq. (24)
is a positive integer. For other cases in general, one re-
quires numerical integration of Eq. (24). We have shown
that it is possible to generate not only fully helical fields,
but also one that has a scale invariant spectrum. Such a
situation is obtained when βD/2α = 2 or −3 and corre-
sponds to mi = 2 in Eq. (24). For βD/2α = 2, both
analytical and numerical solutions show that the posi-
tive helicity modes dominate over the negative helicity
modes for the scales which exit the horizon during infla-
tion. The case βD/2α = −3 is ruled out as it leads to
unacceptably large electric fields. A set of solutions of
the higher-dimensional Einstein’s equations including Λ¯
can be obtained with D = 4, having β = α and thus giv-
ing βD/2α = 2. We have shown that helical magnetic
fields of the order of 10−9 G can then be generated in
our model for H ≃ 10−3 Mpl. Weaker magnetic fields
can be generated for further low scale inflationary mod-
els. The strength of magnetic fields generated by this
mechanism is consistent with the constraints from CMB
non-gaussianity and γ-ray observations. Note that in all
the higher-dimensional models one requires also a mech-
anism to freeze the evolution of the extra-dimensional
scale factor. This issue needs to be investigated sepa-
8rately.
Recently, during the course of this work, Refs. [39,
40] have also discussed the generation of helical fields;
where a parity violating term to the 1 + 3-dimensional
electromagnetic action is added with time dependent
couplings. Our work differs by being set in the context
of higher dimensional theories. In our models the confor-
mal invariance is broken naturally by the coupling to the
evolving higher-dimensional scale factor. Our analytical
results match with that of Ref. [39] wherever comparison
can be made. In addition, we have included the numer-
ical treatment of more general cases. Further Ref. [39]
have limited themselves to low scales of inflation (in or-
der to avoid strong coupling problem [30]) resulting in
weaker fields with blue spectrum. This needs to undergo
inverse cascade to explain large scale fields. The strong
coupling problem (in most of the models) arises because
a large variation of the coupling function (which breaks
conformal invariance) is required to produce strong mag-
netic fields. However, in our model the problem of strong
coupling could possibly be circumvented, as the coupling
term (which depends on the extra-dimensional scale fac-
tor) appears as an overall multiplicative factor to the
full electromagnetic action which includes its interaction
with matter. We hope to address this issue in more detail
in the future.
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